1. Introduction. Recently, Hempel [15] proved that a 2-sphere S in S3 is tame if S is free and satisfies an additional Condition (A). It is not known whether S is tame if it is free ; however, each complementary domain of a free 2-sphere must be an open 3-cell [18] . We show that 5 has at most two wild points if S satisfies (A) and each component of S3 -S is an open 3-cell. Thus it appears that Hempel needed the full force of freeness only to rid 51 of two wild points.
A simple closed curve 7 is said to be essential on an annulus (or on an open annulus) A provided 7 lies on A and bounds no disk on A. We say that a simple closed curve J spans M if and only if 7 n AT consists of two points and 7 intersects each component of S3 -M.
Locally Annular. We say that M is locally annular in U at p if and only if for each £ > 0 and for each simple closed curve 7 which spans M and contains p, there is an open annulus Ain U n N(p, e) such that (i) 7 n 7= 0,
(ii) one component of Bd A is a simple closed curve K in U so that 7 links K, and (iii) Bd/I-Tic AT.
In case the above definition holds at each point of M we say M is locally annular in U. If the above definition holds for each point p of M and for each component U of S3 -M we say that M is locally annular.
The above definition is similar to what is meant by M being locally peripherally collared from U at p [11] . The major difference is that in [11] the annulus A has two simple closed curves as its boundary components. Thus a locally peripherally collared surface is locally annular. In §4 of this paper we modify the proofs in [11] to get similar results for locally annular surfaces.
We say that M is free relative to U if and only if for each e > 0 there is an e-map of M into U. Then M is free in S3 if and only if M is free relative to each complementary domain of M.
The manifold M is tame in S3 if there is a homeomorphism of S3 onto itself which takes M onto a polyhedron. Also M is tame from U if M u U is a 3-manifoldwith-boundary. We define M to be locally tame from U at p if p lies in a subset V of M u t/such that Fis open relative to M u i/and the closure of Fis a topological cube. It follows from [2], [3], and [17] that M is tame if and only if M is tame from each component of S3 -M; and that M is tame from U if and only if M is locally tame from U at each point of M. If A is a subset of M we say that M is locally tame from U modulo K if and only if M is locally tame from U at each point of M-K.
For other definitions see [4] , [10] , or [15] .
3. A characterization of tame surfaces. Let M be a closed connected 2-manifold in S3, let U be a component of S3 -M, and let p be a point of M. We say that M can be locally a-capped from U at p if and only if for each e > 0 there is an e-disk Let V be an open set such that p e V, Bd V is a tame 2-sphere, and V c\ M lies in Int 7?, and let/be a map of R into F such that/(Bd /?)<= (7. Choose a positive number a such that a <d(M,f(Bd R)), and let D be an open e-disk chosen as above relative to this a. Let C be the e-component of V-D having R on its boundary.
We shall show that/|Bd R can be extended to map R into V r\ N. This will show that V is locally simply connected at p. We were unable to answer the following Question. Is a closed connected 2-manifold M tame if it can be locally capped ? Results related to this question can be found in [4], [10] , and [16] . 4. Sufficient conditions for 2-spheres to be tame modulo two points. The next two lemmas are used in several places in the remainder of the paper in connection with the definition of locally annular. Lemma 1. Suppose S is a 2-sphere in S3, U is a component of S3 -S, E is a disk on S, J is a simple closed curve such that J n E is a single point p, A is an open annulus in U such that one component of Bd A is a simple closed curve K in U, J links K, J n 1= 0, and Bd A-K<=E. Then Bd A-K separates J n S-{p} from p on S.
Proof. Let us denote S-lntE by B. It will be sufficient to prove that Bd A -K separates p from B on S. Suppose this is not the case. Then there exists an arc T7 from p to a point in B such that H n A= 0. Let r be a retraction of S u (U minus a point) onto S [9] . Now there exists a simple closed curve K' essential in A such that the identity map on K' is homotopic to r\K' in S3 -(JuHuB).
Since r(K')<^E-H, r\K' is null homotopic in T:-T7 and K can be shrunk to a point in S3-J. This is a contradiction since 7 links K.
Lemma 2. Suppose we have the same conditions as in Lemma 1 andJ' is a simple closed curve containing a subarc that pierces E at p such that J' n E={p} and J' n A= 0 ; then K cannot be shrunk to a point in the complement of J'.
Proof. As in the proof of Lemma 1 there exists a loop/homotopic in S3-(J u J') to the identity map on K. If Acan be shrunk to a point in S3-7', then/can also be contracted there. But/is homotopic in S3-J' to some odd multiple of Bd E, so we have the contradiction that some odd multiple of Bd E can be contracted in S3-J'. Theorem 4. If C is a cellular crumpled cube in S3 and V is an open subset of Bd C such that Bd C is locally annular in S3-C at each point of V, then there is a point p in V such that Bd C is locally tame from S3 -C at each point of V-{p}.
Proof. We let S denote Bd C. If S can be locally a-capped from S3 -C at each point of V, then Theorem 4 follows from Theorem 2. Otherwise there is a point px of F so that S cannot be locally «-capped from S3 -C atpx. We will show that under these circumstances S can be locally a-capped from S3 -C at each point of V-{px}. Then Theorem 4 will also follow from Theorem 2 in this case.
Letp2 be a point of F different from px, let e>0 be given, and let S be a positive number such that (1) 7S<£.
Let 7 be a simple closed curve which spans S and intersects S at {px,p2}. Using Lemma 1 and the hypothesis that S is locally annular in S3-C at px and p2, we obtain two disjoint open annuli Ax and A2, two simple closed curves Jx and 72, and two open sets Dx and D2 such that for each i, Let /?! and 7?2 be disjoint disks in S so that/>¡ is in Int Rt and 7?¡c D¡, for each i. Then each Rt is an e-disk which does not intersect Bd A¡. We will eventually show that R2 can be used as the "/?" in the definition of "locally a-capped from S3-C at/>2". Thus we assume a to be a given positive number.
For each i (/'= 1, 2) we let X¡ be an arc in 7-Int C from pt to a point r¡ such that Xx C\ X2= 0 and diam (X¡)<o. With no loss in generality we assume that (7) a<8, (8) a < d(S, {tx, t2}), and (9) a<d(S,Jx\Jj2). Since C is cellular there is a 2-sphere Sx in 53-C such that (10) Sx<=N(S,a). From (8), (9) , and (10) we see that Jx u 72 u {tx, t2} and S are in different components of S3 -Sx.
Let o be a positive number chosen so small that (11) ct<cc and We see from (12) and (13) that S u A'x u A'2 and 7i u 72 lie in different components of S3-Sx.
Let S2 be a 2-sphere such that S and Sx u (Ax -A'x) u (A2 -A'2) are in different components of S3 -S2 and (15) S2c/V(S,<7). Using [5] we may assume that each A[ is locally polyhedral and in general position with respect to S2 so that each component of S2 n (Ax u A2) is a simple closed curve and there are only finitely many such components. Because S2 separates S from Ax -A'x there must be an essential simple closed curve in each S2 n A¡. We choose a disk D' in S2 so that Bd D' is an essential simple closed curve on either A'x or A'2 and there is no simple closed curve in Int D' which is essential on either A'x or A'2.
The remainder of the proof is devoted to showing that if Bd D' lies on A[ then Bd C can be locally a-capped in S3 -C atpt. Once this is established we are able to conclude that Bd D' lies on A'2 since px was chosen as a point where S cannot be locally a-capped from S3-C. Thus it will follow that 5 can be locally a-capped from S3-C at p2, which is what we set out to prove. We will assume, just to be definite, that Bd D'<=-A'x. In the next paragraph we show there is an arc Y in Xx from px to a point a in
Int D so that (18) diam y<Sand (19) Y n D={a}.
Let Z be an arc in S3 -Int Sx from fj to a point u> of 72 so that the interior of Z does not intersect Xx, and let IF be an arc from w to a point v in S so that IF is close enough to A2 to insure that IF n (Dx u 7))=Z n Int IF= 0. This is possible by (16) . Let J" be a simple closed curve contained in the union of Xx u Z u IF with an open arc in Int Cfrom v topx. It follows from Lemmas 1 and 2 that neither J'x nor Bd D can be shrunk to a point in S3-J". This means that J" must intersect T), but J"-Xx was chosen in the complement of D. Thus it is apparent how to construct Fin Xx.
Suppose that the diameter of D is larger than 68. We will obtain a contradiction using an argument similar to that given in [11] . There must be a point b in Int D so that
It follows from (15), (17) , and the fact that D' <= S2 that there is a point c of S such that the line segment cb has diameter less than a. Then from (7), (11), and (12), Condition (26) follows from (11), (13), (15), and (17) . Let TT be the component of (S3-C)-E such that Tv^Bd T7 Condition (27) will follow from (6), (24), and (1) once we show that Bd H^EX u Ax u D. If this [April is not the case there must be a point q of Bd 77 so that q is not in Ex u Ax u D. Then q is in S and there is a simple closed curve J' which spans S, intersects S only at px and q, and which does not intersect F u /). This contradicts Lemma 2 since 7' does not intersect /).
Corollary
1. If C is a cellular crumpled cube and W is the set of points where Bd C is wild from S2 -C, then either (1) W=0, Theorem 5. If C is a crumpled cube in S3 such that Bd C satisfies Condition (A) relative to S3-C, then Bd C is locally annular in S3 -C.
Proof. We will let S denote the 2-sphere that ir-the boundary of C. Let 7 be a simple closed curve that spans S such that 7 n S consists of the two points p and q, and let e be a positive number. We must show that there is an open annulus A in (S3 -C) n N(p, e) such that J n A= 0, one component K of Bd A is a simple closed curve in V such that 7 links K, and Bd A -K lies in S. Let N be an open e-set such that p lies in N and q e S-N. Let G be an annulus in N n S so that each component of Bd G is a tame simple closed curve which separates p from q [8] . Let the closure of the component of S-G which contains p be called 7?. Then R is a disk on S1 so that p e Int R. We begin by outlining a proof for Theorem 9 although it is a corollary to Theorem 12 which follows. The reason for including this special case separately is that there is an interesting short proof based on Theorem 2 of [15] . Corollary 6 is Theorem 4 of [15].
Theorem 9. If a 2-sphere S in S3 is free relative to a component V of S3 -S and S is locally annular in V, then S is tame from V.
Proof. Using the hypothesis that 5 is free relative to U together with the Sphere Theorem [18] we see that S3 -U is cellular. Then it follows from Theorem 4 that S is locally tame from U except at possibly one point. This means that 5 satisfies Condition (A) relative to U, so it follows from Theorem 2 of [15] that S is tame from U.
Corollary 6 (Hempel) . If a 2-sphere S in S3 is locally tame from a component U of S3 -S modulo a O-dimensional set and S is free relative to U, then S is tame from U.
Theorem 10. If M is locally free in U at p and M is locally annular in U, then U is locally simply connected at p.
Proof. Let 7 be a simple closed curve that spans M such that J n M consists of the two points p and q. Since M is locally free in U at p, there is a disk G on M such that p e Int G, q e M-G, and for each tj >0 there is an ^-map of G into U. We may assume without loss in generality that G lies on a 2-sphere S such that G lies on the boundary of the intersection of U with one component, which we call Int S, of S3-S [4, Theorem 5]. We shall show that S can be locally a-capped in Int S at p so that it will follow from Theorem 1 that Int 5 is locally simply connected at p. This will imply that Uis locally simply connected at p since G<=Bd(U n Int S).
Let £ > 0 be given, and let E be a disk such that p e Int E^Ecz Int G and diam E <e/3. As in the definition of "locally annular", let A be an open annulus in U nlntS n N(p, e) such that J nÄ~= 0, one component of Bd A is a simple closed curve K that links 7, and Bd A -K lies in Int E. We also assume that A is locally polyhedral [5] . Following the definition of "locally a-capped" we identify a disk Tv on 5 such that p e Int R, R <=■ Int E, and R n A = 0 ; and we suppose that a is a given positive number. We shall indicate how to obtain an open £-disk D in N(E, a) n Int 5 such that R lies on the boundary of an £-component of Int S-D.
In the annulus A we choose a subannulus Ax with boundary components BdA-K and a simple closed curve Jx such that diam y4x<a and Ax^N(E,a). Now a proof much like Hempel gave for Theorem 2 of [15] shows the existence of a disk Ex in Int E and a map Fx such that Fx takes Bd Ex essentially into Ax, FX(EX) = DX has diameter less than e/3, and DX^U. Little additional argument is needed to show that Dx can be chosen in A(Ts, a).
Using Dehn's Lemma [18] relative to a singular disk in Ax u Dx having a nonsingular neighborhood of its boundary and containing Dx, we obtain the desired disk D. An argument like that given in the last paragraph of the proof of Theorem 4 shows that the component of Int S-D whose boundary contains R has small diameter. 
